Spin cat states are superpositions of two or more coherent spin states (CSSs) that are distinctly separated over the Bloch sphere. Additionally, the nuclei with angular momenta greater than 1/2 possess a quadrupolar charge distribution. At the intersection of these two phenomena, we devise a simple scheme for generating various types of nuclear spin cat states. The native biaxial electric quadrupole interaction that is readily available in strained solid-state systems plays a key role here. However, the fact that built-in strain cannot be switched off poses a challenge for the stabilization of target cat states once they are prepared. We remedy this by abruptly diverting via a single rotation pulse the state evolution to the neighborhood of the fixed points of the underlying classical Hamiltonian flow. Optimal process parameters are obtained as a function of electric field gradient biaxiality and nuclear spin angular momentum. The overall procedure is seen to be robust under 5% deviations from optimal values. We show that higher level cat states with four superposed CSS can also be formed using three rotation pulses. Finally, for open systems subject to decoherence we extract the scaling of cat state fidelity damping with respect to the spin quantum number. This reveals rates greater than the dephasing of individual CSSs. Yet, our results affirm that these cat states can preserve their fidelities for practically useful durations under the currently attainable decoherence levels.
I. INTRODUCTION
In the midst of the so-called second quantum revolution [1] , nuclear spin systems have been among the first to be proposed and tested [2, 3] . In due course, the overwhelming majority of implementations have utilized an ensemble of nuclear spins which stems from the established bulk nuclear magnetic resonance-based manipulation and detection schemes [4] . For quantum information processing, working with a single spin is desirable to alleviate issues arising from ensemble averaging, however, it was initially hindered by the poor detectability [5] . More than two decades ago the single electron spin detection within a host crystal was achieved [6, 7] . In the case of a single nuclear spin the remaining challenge was its about two thousand times smaller magnetic moment compared to electron [4] . The breakthrough came with the aid of optically detected electron nuclear double resonance [8] . Subsequently, the optical readout of a single nuclear spin in a nitrogen-vacancy (NV) defect center in diamond was announced [9, 10] . The next milestone reached on this front was the single-shot readout of a single nuclear spin, again within the NV system at room temperature [11] [12] [13] . As other solid-state examples, and using an electrical readout scheme, the implementations on a Tb nuclear spin of a single-molecule magnet [14] , and a 31 P donor nuclear spin in silicon [15] can be mentioned; for a very recent review, see Ref. [16] .
Such a control on the single spin level in a solidstate system opens enormous opportunities for quantum technologies [1] . Mainly because spin offers an excellent framework for demonstrating interesting quantum * bulutay@fen.bilkent.edu.tr states and effects such as coherent states [17] , squeezing [18, 19] , to name but a few. An important class in quantum mechanics is the cat state which corresponds to macroscopically-separated coherent superpositions of coherent states [20, 21] . Therefore, its realization in various spin systems has been the aspiration for a number of proposals lately, such as the generation of spin cat states in Rydberg atoms [22] , in Bose-Einstein condensates [23] , in a finite Kerr medium for the big spin-qubit [24] or spin star model [25] . In terms of applications, spin cat states are suggested for high-precision measurements via dissipative quantum systems of Bose atoms [26] ; an exhaustive review of quantum metrology is available from Ref. [27] . Unfortunately, these are either of model level [24, 25] , or based on atomic nonlinearities [27] , arising from Rydberg blockade [22] , or collisional effects in Bose condensed atoms [23, 26] . Therefore, for the case of a nuclear spin in a solid-state environment these recipes are of no avail.
In this work our aim is to present a simple means to generate different kinds of cat states on a single nuclear spin by harnessing the quadrupole interaction (QI) [28, 29] which intrinsically operates on the quadrupolar nuclei, that is, with spin quantum number greater than 1/2. Motivated by a recent experimental exposition of squeezing with spin-7/2 nuclei [30] , this work builds upon our prior study where we have shown that the generic QI supports continuous tuning of squeezing from one-axis to two-axis countertwisting limits [31] . We confine ourselves to the spin values between 1 and 9/2 that correspond to the range of abundant isotopes of quadrupolar nuclei. We adopt new concepts developed for freezing the spin squeezing [32] [33] [34] , in our case to stabilize the cat states once they are produced. The robustness of our scheme is checked under various drifts or errors in the process arXiv:1610.07046v2 [quant-ph] 5 Aug 2017 parameters [35] . Furthermore, going up to the next level in hierarchy, we consider the production of the superpositions of spin cat states that is essential for the quantum error correction against spin flips without revealing the registered quantum information [36] . The kind that we discuss corresponds to a rotating spin cat state superposed to a fixed counterpart, enabling a relative phase accumulation, that is composed of the so-called moving coherent states [37] . We assure the longevity of these states by exhibiting their resilience to phase decoherence under realistic conditions. The paper is organized as follows. In Sec. II we present the background theoretical information as well as our notation on QI, coherent spin and cat states, measures used for assessment, decoherence model, and the phase portraits of the QI Hamiltonian. In Sec. III we report our results starting with the overall operation, followed by optimization of performance, and its sensitivity analysis; we then discuss the extension of cat-state generation to their superpositions, and how decoherence affects the cat states. We also comment on practical aspects, and potential applications. Our main findings are summarized and suggestions for future directions are outlined in Sec. IV. The Appendix section contains the derivation of the closed-form expression for the time evolution operator under a certain case that is required in the main text.
II. THEORY

A. Quadrupole spin Hamiltonian
Nuclei with spin I ≥ 1 are named as quadrupolar because of their multipolar charge distributions. This makes them susceptible to electric field gradients (EFG) [28, 29] . The latter is routinely present within a solidstate matrix, predominantly being caused by strain [38] . The EFG at a nuclear spin site is described by a secondrank tensor involving second-order spatial derivatives of the crystal potential V , V ij ≡ ∂ 2 V /∂x i ∂x j , which becomes diagonal for a particular orientation of coordinate axes. This is referred to as the principal EFG axes which is what we shall use throughout this work. Here, as a convention, the Cartesian axes are labeled in the way that the nonvanishing EFG components obey the ordering |V zz | ≥ |V yy | ≥ |V xx |.
The EFG acts on the spin degrees of freedom of a quadrupolar nucleus as governed by the Hamiltonian [28] 
where, h is Planck's constant, and f Q is the quadrupole linear frequency controlled by the EFG major principal value, V zz . Since we shall not consider any other steady term in the Hamiltonian, f Q will serve for setting the time scale of the dynamics; typical values will be stated when we discuss decoherence processes. The magnitude of spin angular momentum vector I is conserved, and as in our prior work [31] , this term can be dropped from dynamics at will. Note that we parametrize the Hamiltonian with respect to η = (V xx − V yy ) /V zz which defines the degree of biaxiality of the EFG [28, 29] , and as we shall see, plays a central role for the cat-state generation and stabilization. It is confined to the range [0, 1]: the lower limit corresponds to a cylindrically symmetric EFG distribution, while the upper limit η = 1 can be realized, for instance, in two-dimensional materials [31] .
B. Coherent spin and cat states
A coherent spin state (CSS) centered around the spherical angles (θ, φ) can be obtained from the z-oriented Dicke spin state |I, I z = I via
where the operator on the right performs rotation around the axial vector (sin φ, − cos φ, 0) by an angle θ [39] . For convenience we shall denote the CSS located around the six axial Cartesian directions over the Bloch sphere as |±X , |±Y , and |±Z . We emphasize that the Cartesian directions here are not arbitrary, but are based on EFG principal axes. Once again, in relation to the Dicke state, |j, m as labeled with total angular momentum j, and its quantization-axis projection m, we have for the z-quantization axis | ± Z = |I, ±I , while | ± X and | ± Y are their rotated forms around the y and x axes, respectively. For quantum metrology and other quantum information technologies, it is the coherent superpositions of such CSSs that are of importance, especially, if they correspond to macroscopically-distinguishable superpositions, so-called cat states [40] . Historically, the even and odd cat states were first to be introduced, having the forms N [|α + |−α ] and N [|α − |−α ] respectively [20] , where |α denotes a generic coherent state [41] . This is followed by the so-called Yurke-Stoler state, N [|α ± i |−α ] [21] . In these expressions, N is the normalization factor, which is different for each case; in the remainder of this work, for brevity we drop them from our subsequent notations. Additionally, in our following discussion, we prefer the terms, equator-bound and polar-bound target cat states, for |Y + e iϕ |−Y , and |Z + e iϕ |−Z respectively, according to where the cat pair is located on the Bloch sphere. The remaining x axis, paired with the minor EFG component, will serve as the main rotation axis. Such coherent superpositions of maximally separated two CSS over the Bloch sphere will be termed as N = 2 cat states. In the Results section we shall also introduce the coherent superpositions of two maximally-separated N = 2 cat states making up a N = 4 cat state.
C. Measures
To quantify how closely a generated state |ψ reproduces a certain target state |β , a common measure is the fidelity which for such pure states becomes simply F = | β|ψ | [42] . Alternatively, rather than comparing with a fixed target state, one can use absolute macroscopicity measures [43] . These are generally based on the quantum Fisher information in regard to an operator/measurementÂ, which reduces for a pure state |ψ (as invariably considered in this work) to F(ψ,Â) = 4 V ψ (Â), where, V ψ (Â) = ψ|Â 2 |ψ − ψ|Â|ψ 2 is the variance. For a spin-I system the effective size is then defined as
where one maximizes over operators within the relevant set A. To quantify the degree of catness of a superposed state |ψ S = (|ψ a + |ψ b )/ √ 2, the relative quantum Fisher information (rQFI) has been proposed [44] as
For pure states, and choosing as the relevant interferometric measurement operators the spin along direction u (i.e.,Î u ), each maximization in Eq. (3) becomes trivial, yielding
The variance for a CSS is simply I/2, and in the case of a diametrically opposite cat state, for instance, choosing one of the target states mentioned above, |ψ S → |Z + e iϕ |−Z , we haveÎ S →Î z which yields V S (Î S ) = I 2 ; therefore, the maximum value of N rF eff becomes 2I, which indeed corresponds to largest possible separation over the Bloch sphere, namely, its diameter. Thus, to quantify the catness of an evolving state ψ, for a spin measurement along a direction u we use normalized rQFI, as
which ranges between 0 and 1.
D. Accounting for decoherence
There is a well-defined phase relation among the constituent CSSs reflecting the coherence of the superposition. As such, they are particularly vulnerable to phase noise. The resultant decoherence can be tracked via the system density operator using the Lindblad master equation [42] 
whereρ S is the nuclear-spin density operator, and [ , ] and { , } represent commutator and anticommutator, respectively.L m is a so-called Lindblad operator characterizing the nuclear spin's coupling to its environment [42] . For the phase-flip channel of a spin-I system they can be extracted from the associated Kraus operators [45] aŝ
where γ = 1/T 2 is the dephasing rate, with the wellknown coherence dephasing time constant being T 2 , which is routinely measured with spin-echo techniques [4] . Even though we shall be using this full Lindblad set, it can be readily verified that in the weak damping limit the Lindblad operators reduce to a single one √ γIÎ z , as considered in Ref. [31] .
E. Fixed points and their biaxiality dependence
In the case of spin squeezing, the maximally squeezed quadrature is attained only for an instant over each (quasi-)period of the cycle [31] . To break away from this regime with large swings Kajtoch et al. proposed to apply a rotation operation when maximum squeezing is reached, and transfer the subsequent flow to regions around the fixed points of the classical Hamiltonian, where oscillation amplitudes can be highly suppressed [34] . To implement this recipe for the QI under an arbitrary biaxiality η, we need the associated fixed points [46] .
For a classical spin vector pointing toward the (θ, φ) direction, the QI Hamiltonian in Eq. (1) takes the form
through which the Hamilton equations of motion are obtained for the canonically conjugate variables (φ,
The corresponding phase portraits are shown in Fig. 1 for three different η values. Two stable center fixed points lie at the poles (θ = 0, π) for any η. Additionally, for the case of η = 0 the whole equator line (θ = π/2) turns into fixed "points", whereas for η = 0 they reduce solely to four points at ±x-and ±y-axes i.e., φ = {0, π, π/2, 3π/2}. In the latter case, φ = {0, π} are unstable, and those at φ = {π/2, 3π/2} are of stable center type fixed points. In other words, for non-zero η the stable fixed points over the Bloch sphere are positioned at ±y-and ±z-axes that we term as equator-and polarbound, respectively.
III. RESULTS
A. Basic operation
To demonstrate the overall procedure, we consider a 5/2-spin with an initial CSS lying on the +x-axis of the Bloch sphere, i.e., | + X ≡ |θ CSS = π/2, φ CSS = 0 ( Fig. 2(a) ). Under the action ofĤ η (for this example, η = 1), it first goes through a squeezing stage with the antisqueezed axis having rotated by about π/4 from the equatorial plane over the Bloch sphere (Fig. 2(b) ). We terminate this regime suddenly by applying a rotation around the +x-axis that aligns the spin distribution elongation toward either polar (Fig. 2(c) ) or equatorial plane (Fig. 2(e) ), coinciding with the two fixed points of the QI Hamiltonian, as discussed in the previous section. Hence, further evolution of the dynamics gets localized around the two antipodal fixed points, giving rise to either polarbound (|±Z ; see, Fig. 2(d) ) or equator-bound (|±Y ; see, Fig. 2(e) ) cat states. For all cases, we resort to spin Wigner quasi-probability distribution plots [47, 48] which is sensitive to phases [41] . Observe that in between these antipodal regions, additional fringes, hallmark of quantum coherence exist [49] , as colloquially referred to as the smile of the cat [50] .
The degree of success is quantified with the fidelity (Figs. 2(g ) and (h)) reaching typically a maximum value around 0.95 and a ripple of about 0.05; see, Eqs. (12) and (13) below. The normalized rQFI calculated by Eq. (6) (shown by dashed lines) follows the same behavior of the fidelity, but with a larger ripple. As the rQFI measure simply tracks the separation of the constituent cats, and is not anchored to a target (unlike fidelity), the valuable conclusion this provides is that concerted deviation from unity under both measures cannot originate from simply a rigid oscillation around the target state.
B. Search for optimality
For each quadrupolar spin from I = 1 to 9/2, we optimize with respect to the time instant, t R and the angle of the rotation, θ R that will orient the major axis of the spin distribution toward the fixed points on either the poles (±z-axes), or equator (±y-axes). We also let the phase angle, ϕ between the constituent CSSs of the target cats |Z + e iϕ | − Z and |Y + e iϕ | − Y , to be yet another optimization parameter. Our two optimality criteria are
that is, high fidelity with the associated target cat states and low ripple around the mean fidelity once in the stabilization stage, i.e., after the rotation instant. We assign the relative weights 0.55 and 0.45 to these two goals, respectively, and obtain corresponding optimal cat-state generation and stability performances. For the polar-bound targets, this procedure culminates with strictly even cat states, whereas the equator-bound ones exhibit a spin-I dependent phase angle, ϕ = πI, that is, for integer spin nuclei the cat states produced are of the same parity with I, and for all half-integer spins Yurke-Stoler-type cat states are generated. Figure 3 displays these results as a function of the QI biaxiality parameter, η the variation of maximum fidelity (Eq. (12)), its ripple (Eq. (13)), the instants of optimal rotation pulse, and the angles around the +x-axis required to orient them to the appropriate target planes. For both polar-and equator-bound cases, fidelity drastically drops when the uniaxiality of QI increases, i.e., η → 0, however, for the former the ripple in the fidelity also decreases. This correlates with the fact that the equatorial fixed points soften as η → 0. In the opposite (12)), and its ripple F ripple (Eq. (13)) for polar-and equator-bound cases.
limit of η → 1 which corresponds to two-axis countertwisting [31] , the optimal rotation angle goes to π/4 for all cases, in accordance with the findings of Kajtoch et al. [34] . In general, as the spin-I value increases the maximum fidelity reduces. In this regard, the I = 1 case appears to show the best performance. However, I = 1 is actually an outlier with respect to the higher spins, showing no dependence to η at all. This three-level system also has a similar peculiarity in spin squeezing with exact vanishing of uncertainty in one of the quadratures [31] . It remains to be seen whether these seemingly impressive I = 1 performances can be of any practical relevance.
C. Sensitivity
If the attained optimal conditions in Fig. 3 are only achievable for a very narrow range of parameters, it will hamper the practical utility of the proposed catstate generation and storage. Therefore, in this section we present the sensitivity analysis around the operating points. For this purpose, we choose I = 3/2 and η = 0.3, where both a very high fidelity and low ripple values were observed, especially for the polar-bound case (Fig. 3) . The instant when the rotation pulse is applied, t R and the amount of rotation angle θ R are the two main parameters here. Additionally, we consider unintentional displacements from the assumed location of the initial CSS, |X along the polar θ CSS and the azimuthal φ CSS angles, as would be caused when the quadrupolar principal axes are not properly aligned with the CSS or rotation axes. This can be termed as the preparation error, encoun- tered, for instance, in the NV centers [12] . In Fig. 4 we compare the time-dependent fidelity of the optimal case with those under 5% and 10% deviations in each of these parameters. In general terms, a change in t R predominantly increases the ripple around the same mean fidelity value, and this parameter shows higher sensitivity than θ R in the same range. θ CSS and φ CSS offsets usually result in the overall decrease in the fidelity without a significant change in the ripple. In any case, it is assuring that the overall performance does not bare a drastic dependence on the chosen operating parameters. Especially, a 5% mismatch from optimal parameters leads to tolerable implications.
D. N = 4 cat-state generation
Now, we would like to investigate the generation of the so-called, N = 4 cat state [36, 37, 51] by superposing equator-and polar-bound cat states. For this purpose, we can start with either of these cat states (production of which requires one pulse), and through a second pulse rotate it by π/2 back on to the x-axis, reproducing the N = 2 cat state [|X + | − X ] with a high fidelity. Then, underĤ η , the time evolution of these antipodal CSSs will go through the squeezing stage, much like their isolated cases, apart from some interference terms. Finally, applying a third rotation pulse (optimized in time and angle) around the x-axis will split and place one of them to the poles and the other to ±y-axes, generating a N = 4 state with a cross-legged cat construction of the target Fig. 5 ) with respect to a polar-bound one in the form of
The Hamiltonian in Eq. (1) for η = 1 which corresponds to two-axis countertwisting has recently been shown to be amenable for a closed-form solution up to I = 21/2 [52] . Hence, our preference for the I = 5/2 system is due to its strictly periodic (as opposed to quasi-periodic) time evolution [31] , stemming from two zero eigenfrequencies, and the other two at ±ω 1 = 2π 2 √ 7f Q /3 [52] . The intriguing point here is that the fidelity oscillation of the N = 4 state occurs at its second harmonic, ω 2 = 2ω 1 . In the Appendix we give the details on obtaining the explicit form of the time evolution operator, where it is shown that the doubly degenerate spectrum is responsible for the strong second harmonic content. This is observed, for instance in the time evolution of fidelity by the solid/red line in Fig. 5 , compared to the no-rotation-pulse case that also displays the fundamental frequency ω 1 . The ratio of second harmonic to fundamental underĤ η=1 depends on the location of the initial CSS over the the Bloch sphere, which is depicted in Fig. 6 . In fact, this ratio becomes unity (actually meaning a frequency doubling) for CSS launched from |±Y or |±Z both coinciding with the countertwisting axes of H 1 . Therefore, we have ω 2 = 2ω 1 as the rotation frequency within the N = 4 components of the target state. From a practical point of view, this internal rotation offers an additional phase that can be benefited as an extra degree of freedom [37] . 
E. Decoherence in cat states
So far, our treatment was rather ideal other than considering the parameter sensitivity of our cat-state generation protocol. Now, we would like to address the question of how good this recipe is in terms of practical realizability, predominantly when it is treated as an open system subject to environmental decoherence. As a matter of fact, from an experimental perspective it is well known that maintaining quantum coherence becomes exceedingly challenging as the distance between the superposed components of the cat state is increased [53] . One advantage of nuclear-spin systems is their immunity to dissipative channels of spontaneous emission at radio frequencies [41] and the particle loss in contrast to cat states produced by Bose-Einstein condensates [27, 54] , or cavity or circuit quantum electrodynamics [55, 56] .
In the presence of decoherence, the objective is to assure that the coupling of the nuclear spin to the intended degree of freedom is stronger than that of the dominant environmental process [57] . In our context these are the quadrupolar frequency f Q versus the damping rate γ. The prevalent channel for the latter, in neutral solidstate spin systems (i.e., free from hyperfine coupling to the confined electronic spin) is the phase damping [58] . For quantum dot structures of quadrupolar nuclei (e.g., 69,71 Ga, 75 As, 115 In) the dephasing times (T 2 = 1/γ) lie in the 1-5 ms range [58] [59] [60] . For the same systems the quadrupolar frequency dictated by strain is typically in the range f Q ∼ 2-8 MHz [38, 61, 62] . In the case of NV defect centers, the quadrupolar 14 N nuclearspin dephasing times are at least, 1 ms [63] , and the extracted f Q value is about 10 MHz [63, 64] . Thus, these two markedly distinct systems share highly similar values for f Q /γ = f Q T 2 ∼ 10 3 − 10 4 , suggesting that strong quadrupolar coupling is attainable for such nuclear spins. We should note that there exist solid-state systems with even superior immunity to decoherence such as the singlecrystal KClO 3 that has f Q = 28.1 MHz and T 2 = 4.6 ms with the product f Q T 2 > 10 5 [65] . As a caveat, if a nearby unpaired electron spin is present during the stabilization stage, it can degrade nuclear spin coherence [11] . In the following, we consider dephasing rates γ/f Q ranging from 10 −4 to 10 −2 , which allows for harsher decoherence to observe its adverse consequences. In Fig. 7 we display how fidelity and rQFI of polar-bound N = 2 cat states are affected from decoherence for I = 5/2 and η = 1. The Wigner distributions on the right panel refer to t = 10t R , i.e., at 10 times the rotation pulse instant, t R . As would be anticipated from the strong quadrupolar regime, the case for γ = 10 −4 f Q is virtually indistinguishable within this time frame from the decoherence-free ones in Fig. 2(d) and (g) . For γ = 10 −3 f Q the deviation becomes noticeable, and this gets drastic for γ = 10 −2 f Q , especially on the fidelity, whereas the normalized rQFI measure (see, Eq. (6)) is much less affected as it is insensitive to phase coherence, and rather probes the separation of the CSSs. The Wigner distributions are also instrumental in tracking these differences through the attained negative values [66] , which are in general taken as a measure of the quantumness of the states [49] . It is clearly seen that decoherence gradually removes these negative interference fringes of the superposition. We note that the equator-bound N = 2 cat states (not shown) are somewhat less susceptible than the polar-bound ones.
In the same vein, we return to Fig. 5 to discuss how decoherence affects N = 4 cat states, which reassures us that a rate of γ = 10 −4 f Q is not influential whereas 10 −2 f Q becomes very destructive on the fidelity by washing away the contrast between originally orthogonal states. Here, the point to note is that N = 4 cat states do not particularly suffer more from decoherence than N = 2 variants. Based on these insights we can conclude that the proposed scheme is decoherence tolerant for rates around γ/f Q ∼ 10 −4 , that is, in the upper end of currently available range without any additional countermeasures such as the dynamical decoupling of the environmental spins [67] .
According to the qudit dephasing model employed in this work, the number of channels increases in proportion to spin angular momentum I, as can be seen from Eqs. (7) and (8) . Furthermore, we are dealing with quite unique macroscopic quantum spin states that are not necessarily governed by the same dephasing rate γ which applies to Dicke states [55] . Therefore, we need to identify how the baseline dephasing rate, γ compares with the decay rate of cat state fidelities as a function of I. The inset in Fig. 8 displays a typical damping of fidelity under decoherence (here, for γ = 10 −2 f Q ) which has an oscillatory pattern for the specific η = 0.5 and I = 5/2 values considered. Its time constant τ can be extracted by fitting the fidelity to a form F (t) = F 0 exp (−t/τ ) + F sat . Figure 8 illustrates the scaling of the fidelity decay time constant as a function of I for the N = 2 cat states. It reveals that at the lower end of I the fidelity decay rate (1/τ ) approaches toward γ. As I increases, its scaling lies roughly in between I 3 and I 5/2 , for η = 0.1 and η = 1, respectively. The overall behavior is essentially preserved for different baseline dephasing rates in the range γ = 10 −2 − 10 −4 . The enhanced susceptibility to decoherence of the large-I spin cat states is already known, like in the context of spinor Bose-Einstein condensates [68] . A trivial advantage of nuclear spins is that the I values are inherently capped before this scaling becomes prohibitive. Therefore, we believe that there exits opportunities for spin cat states within this range of low angular momenta.
F. Discussions on practical aspects
Finally, we would like to address key practical issues in the realization of this theoretical proposal in regard to initialization, manipulation, and readout. As the exemplary platform we have particularly in mind the NV centers [57] . We begin with the initialization of the nuclear spin state. Our aforementioned cat-state generation schemes start from the | + X CSS which is accessible from, say, the |I, I Dicke state by a π/2 rotation. In negatively charged defect centers, a nuclear spin state like |I, I can be initialized with high fidelity by transferring the polarization from the ancillary electron spin [69] . The latter is easily obtained by means of optically induced electronic spin orientation [70] . Most commonly the transfer of polarization from the electronic to nuclear spin is mediated by the hyperfine interaction [71] . But, alternatively using a forbidden transition with a two-photon process was also proposed [63] .
After initialization and a brief interval of QI evolution, the rotation around one of the principal EFG axes is the next manipulation to be imposed on the nuclear spin. Traditionally rotation is accomplished by Rabi flopping, through a resonant rf pulse of amplitude and duration to satisfy the pulse area for the desired rotation angle [41] . The nuclear magnetic resonance community has developed measures to attain the intended rotation in the presence of systematic frequency or pulse duration errors [35] . A different choice is to rotate the nuclear spin via off-resonant Rabi oscillation of the electron spin and the hyperfine interaction [72] . This has been experimentally tested on NV centers to yield about 2 orders of magnitude shorter rotation duration compared to the traditional approach with moderate pulse amplitudes [73] . As a matter of fact, fast spin rotation is highly desirable for our framework where we assume it to be instantaneous. Indeed, a few hundred nanosecond nuclear spin rotation timescale [73] would meet this requirement against microsecondlong durations of QI.
The final stage is the detection, where a projective measurement is performed conventionally on the observable I z . However, with prior rotations I x or I y can likewise be read out. As a matter of fact, using a sequence of rotation pulses, measuring the free-induction decay signals, and Fourier transforming them forms the recipe to extract all entries of the density matrix, with real and imaginary parts [74] . This is known as quantum state tomography, which has been in use for the nuclear spins for the past two decades; as a relevant example the density matrix reconstruction of three entangled nuclear spins with a nondemolition readout in NV centers can be given [69, 75] . Moreover, state tomography has been extended to the quadrupolar nuclei [76] , and there are also efforts to implement it with small or zero static magnetic field, which in effect makes it the nuclear quadrupole resonance [65] . In general, once the full density matrix is at one's disposal by state tomography, the Wigner distributions as in this work, can be directly computed for target state comparison; a recent such demonstration combining experiment is given in Ref. [30] . Depending on the encoding strategy, rather than the projective I z measurement, a different detection, like the parity of the superposed cat states is another option [77] .
It needs to be mentioned that the involvement of neighboring spins, including the ancillary electron spin, albeit with all its aforestated advantages, gives rise to measurement errors [11] [12] [13] 15] . Specifically in the case of electron spin, the component of the hyperfine tensor perpendicular to the NV axis causes stochastic quantum jumps in the nuclear spin. Therefore, one should assure the mean jump interval to be longer than the measurement time [11] .
An important matter that remains is the role of entanglement. The Schrödinger cat states have long been advocated as the key enabler for quantum sensing to surpass the standard quantum limit [27] . The common framework, as in two-component Bose-Einstein condensates, hinges upon N -particle entanglement in constructing a spin-N/2 collective Hilbert space [54] . On the other hand, for the paradigm considered in this work, the entanglement of nuclei plays no role, as it is based on the pure state of a single nuclear spin [78] . The fact that it is a quadrupolar nucleus avails a qudit structure, also granting its controllability via the quadratic Hamiltonian of Eq. (1) that facilitates squeezing [31] , and cat-state generation as in this work. Achieving all of these without a need for entanglement with other nuclei makes it less fragile under decoherence, as elucidated in the above analysis. Such an ability to generate and control cat states on a nuclear spin with I ≥ 1 amounts to a smallscale quantum information processor, much like other prototypes that can be put to use in various ways [79] . For expanding our approach, the route of exploiting yet higher level of superpositions (i.e., N > 4) of the cat states while remaining in the same spin angular momentum subspace is blocked because of the limited number of fixed points over the Bloch sphere of the Hamiltonian (in our case, QI). Hence, if the scalability is the primary objective one should bring in an additional layer of spinspin interaction among nuclei to harness entanglement through an enlarged Hilbert space [80] .
IV. CONCLUSIONS
In summary, we present a blueprint for generating stabilized nuclear spin cat states using biaxial QI together with one or three rotation pulses. A rudimentary optimization of the single-pulse approach attains fidelities around 0.95, while being largely insensitive to the variations in the parameters. After analyzing the polar-and equator-bound N = 2 cat states separately, we considered their superposition with four CSSs, where one of the two-component cat states rotates with respect to the EFG axes. Such states play a crucial role in cat codes to protect against bit flips [81] . To render our analysis more realistic, the effect of phase noise, which is the dominant decoherence mechanism, is thoroughly investigated, showing that these generated cat states can retain their fidelities on the favorable end of the currently accessible decoherence levels.
We believe that optically addressable color centers involving a quadrupolar nucleus, like an implanted indium defect within a wide-bandgap-host [82] , appears to be a suitable physical system for realizing nuclear-spin cat states. The other option of self-assembled quantum dots possesses an ensemble of more than ten thousands of quadrupolar nuclei that can be to some extent entangled though the confined electron spin [83, 84] . The primary challenge here is the spatially inhomogeneous strain causing the tilting variations of EFG axes within a solid-state matrix [38, 85] . Therefore, a means for narrowing this distribution may be valuable to gain better control over this resource. As other possible extensions, schemes for further increasing the maximum fidelity together with low ripple can be sought to meet the stringent practical demands [86] . This is particularly relevant for the recently introduced cat codes utilizing microwave photons in superconducting circuits, which have proven to be practical for quantum error correction [81] . Therefore, their nuclear-spin cat-state implementation may be pursued both theoretically and experimentally.
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APPENDIX: TIME EVOLUTION OPERATOR FOR SPIN-5/2
In this section our aim is to obtain the closed form expression for the time evolution operator under the QI Hamiltonian of a spin-5/2 system, specifically for η = 1. The Hamiltonian in Eq. (1) reduces in this case tô
where, ω Q = 2πf Q , and the associated characteristic polynomial for H 1 is given by [52] ,
Thus, the six roots are composed of one at zero, and two equal in magnitude but opposite sign eigenfrequencies, each of them being doubly degenerate. That is, the distinct spectrum is composed of λ j = {0, ω 1 , −ω 1 }, with ω 1 = 2 √ 7ω Q /3. Taking into account the degeneracies in the spectrum [87] , we can work out the time evolution operator underĤ 1 explicitly, starting from e −iĤ1t/ = (k =j)
where1 is the identity operator. After inserting the eigenfrequencies it leads to the following closed form expression,
As mentioned in the main text, the double degeneracy in the spectrum gives rise to second-harmonic generation with respect to the fundamental eigenfrequency of ω 1 .
